We show that every 1-planar graph with minimum degree at least 4 has girth at most 8, and every 1-planar graph with minimum degree at least 3 has girth at most 198.
A 1-planar graph is a graph that can be embedded in the plane such that every edge crosses at most one other edge. 1-planar graphs were introduced by Ringel [3] in order to study simultaneous face/vertex colouring of plane graphs. Whereas the structure of planar graph is very well known, we know a lot less about 1-planar graphs.
Here we are interested in links between the minimum degree of a 1-planar graph and its girth. The girth of a graph is the size of a smallest cycle in the graph. For C a class of graphs, let g(C) be the maximum girth of a graph in C. For all d ≥ 0, let C d be the class of 1-planar graphs with minimum degree at least d. Note that C d = ∅ for d ≥ 8, since every 1-planar graph has a vertex with degree at most 7 ( [3] ).
Fabrici and Madaras [1] showed that g(C 5 ) ≤ 4, g(C 6 ) = 3 and g(C 7 ) = 3. Hudák, Maceková, Madaras, and Široczki [2] asked whether the girth of graphs in C 4 and C 3 are upper bounded. Here we answer both of these questions by showing that g(C 4 ) ≤ 8 and g(C 3 ) ≤ 198. Theorem 1. Every 1-planar graph with minimum degree at least 4 has girth at most 8. Theorem 2. Every 1-planar graph with minimum degree at least 3 has girth at most 198.
Proof of theorem 1
The proof uses the discharging method. Assume that G is a counter-example to Theorem 1, and consider a 1-planar embedding of G. Let G be the plane graph obtained from G by adding one vertex of degree 4 at each crossing, thus splitting each crossing edge into two. We call the new vertices obtained this way false vertices. Every other vertex in G is a true vertex. Two neighbours of a false vertex v are opposite if they were the two endpoints of one of the two crossing edges that were removed when v was created.
A k-noose in G is a cycle containing at most k true vertices, and exactly one false vertex v whose preceding and following vertices in the cycle are not opposite neighbours of v. The vertex v is the knot of the k-noose. Note that a k-noose corresponds to a path in G between the two edges of a crossing. Hence, two 4-nooses cannot share a knot, otherwise there would be a cycle of length at most 8 in G.
We will often consider small cycles in G and try to deduce from them some small cycles in G. A cycle in G is also a cycle in G, broken at the false vertices. Informally, a k-noose will enable us to repair such a break without lengthening the cycle too much.
We say that a k-noose belongs to a face f if the knot, as well as one of its incident edges in the k-noose are in the boundary of f .
Let us now give weights to the faces and vertices of G. On every face and every vertex of degree k, we put an initial charge of k − 4. Note that by Euler's formula, the initial sum of the weights is negative.
Since G is 1-planar, in the graph G there are no two adjacent false vertices.
We are now ready to describe the discharging procedure. We will transfer weight from some vertices and faces to some triangles through one of the edges of the triangle. We mention through which edge we transfer the weight for an easier analysis later, although it does not alter how the final weight is distributed. Let us now discharge according to the following rules :
1. Every 5 + -face f that is in one of the configurations in figure 1 gives weight 1 2 to the triangle in the configuration through the edge e. 2. Every 5 + -vertex that appears as the vertex v in figure 1 (right) such that f is a 4-face gives 1 2 to the triangle in the configuration through the edge e.
Note that the three configurations of figure 1 correspond to 4-nooses belonging to the face f .
Lemma 3. Every vertex has non-negative final weight.
Proof. The result holds for 4-vertices since they do not receive or give weight during the procedure.
Let us prove that every 5 + -vertex gives weight at most 1 2 to at most 1 4 of its incident faces. To prove this, it suffices to show that a same face cannot be used twice for the same vertex v in the configuration of is a 4-face. If that were to happen, we would have a 4-face f with two 4-nooses.
Since two 4-nooses cannot share a knot, their knots would be two distinct false vertices of f . Since f cannot have more than two false vertices, the two knots lead to a cycle in G. This cycle uses at most 4 true vertices in each 4-noose, one of them (v) being common to the two 4-nooses, plus one additional true vertex in f . Therefore the cycle has length at most 8, a contradiction. Now every 5 + -vertex of degree k has initial weight k − 4 and gives weight at most k 8 , so it has final weight at least 7k 8 − 4 > 0. Lemma 4. Every face has non-negative final weight.
Proof. The result holds for 4-faces since they do not receive or give weight during the procedure.
Let us consider a 3-face f 0 . The first thing to notice is that f 0 has exactly one false vertex, since it cannot be a face in G, and false vertices are not adjacent to each other. Now consider an edge e incident to f 0 and to its false vertex. Let us prove that f 0 receives at least 1 2 through the edge e. This imply that f 0 receives weight 1 since there are two edges incident to f 0 and its false vertex.
Let f 1 be the other face incident to e. Note that f 1 corresponds to f in the left configuration of Figure 1 . Therefore, if f 1 is a 5 + -faces, then f receives 1 2 through the edge e. So we can assume that f 1 is a 4 − -face. Moreover, if f 1 has only one incident false vertex, then together with the 2-noose from Figure 1 , left, we get a cycle in G of length at most 4, a contradiction. Therefore f 1 is a 4-face with two false vertices.
Thus there is a face f 2 adjacent to f 1 that corresponds to the face f in the middle configuration of Figure 1 . As above, we can assume that f 2 is a 4 − -face otherwise f 0 receives at least 1 2 from e. Moreover, if f 2 has only one incident false vertex, then together with the 3-noose from Figure 1 , middle, we get a cycle in G of length at most 5, a contradiction. Therefore f 2 is a 4-face with two false vertices.
Thus there is a face f 3 adjacent to f 2 that corresponds to the edge f in the right configuration of Figure 1 . As above, we can assume that f 3 is a 4 − -face otherwise f 0 receives at least 1 2 from e. Moreover, if f 3 has only one incident false vertex, then together with the 4-noose from Figure 1 , right, we get a cycle in G of length 6, a contradiction. Therefore f 3 is a 4-face with two false vertices. Note that this implies that v has degree at least 5, since otherwise the triangle in Figure 1 , right, would be incident to two false vertices, a contradiction. But now the vertex v gives 1 2 to f 0 through e due to rule 2. We just proved that every triangle receives weight at least 2 · 1 2 , and thus has non-negative final weight. Now consider a 5 + -face f 0 of degree k. Since no two false vertices are adjacent, at most half of the vertices incident to f 0 are false vertices. Moreover, since no two 4-nooses share a knot, f 0 gives at most 1 2 for each of its false vertices. Therefore f 0 gives at most 1 2 k 2 ≤ k − 4 and has non-negative final weight.
Proof of Theorem 2
In this section we will not try to optimize the bound on the girth, but just try to prove that the bound exists. Let us fix a constant d ≥ 11.
As in the previous section, we consider a counter-example G to the theorem, and fix a 1-planar embedding of G. Now while there is a 3-vertex v adjacent to a d − -vertex u such that the edge uv is not crossed, merge v and u. If that leads to two crossing edges incident to the same vertex, uncross then. The multi-graph obtained is called G . Note that the girth of G is at most d − 2 times the girth of G . In particular the girth of G is at least 23.
We build the graph G as in the previous section from the graph G . Note that in G , every 3-vertex is only adjacent to d + -vertices and false vertices. We assume that the discharging procedure of the previous section already took place, so only 3-vertices have negative weight. Consider a vertex v. A face f is bad for v if the two neighbours of v along the face are false vertices and f either has degree at most 5 or is as in Figure 2 .
We apply the following additional discharging rules :
3. Every d + -vertex gives 1 2 to each of its neighbours. 4. Every 6 + -face gives 1 2 to each of its 3-vertices, except that f does not give anything to v in the configuration of Figure 2 .
5. Every 6 + -face f incident to a 3-vertex v that is adjacent to three false vertices and such that the two faces incident to v distinct from f are bad for v gives an additional 1 2 to v. 6. Every 5-face incident, in this order, to a false vertex, a 3-vertex v, a d +vertex, a false vertex and a true vertex gives 1 2 to v.
Lemma 5. Every vertex has non-negative final weight.
Proof. Since d ≥ 11, after the procedure in the previous section, d + -vertices of degree k still have weight 7k 8 − 4 ≥ k 2 . Therefore they can give weight 1 2 to each of their neighbours and end up with non-negative weight.
For other 4 + -vertces, the situation is the same as in the previous section. Let v be a 3-vertex. Recall that every neighbour of v is either a false vertex or a d + -vertex. If v has at least two true neighbours, then it receives at least 1 by rule 3, and has non-negative final weight.
Assume first that v has only false neighbours. Note that v then cannot be in a triangle, so the configuration of Figure 2 does not appear. If the three faces incident to v are bad for v, then these three faces without v form a 9 − -cycle in G , a contradiction. If exactly one of those faces is not bad for v, then it gives 1 to v by rules 4 and 5. If at least two are not bad for v, they give 1 2 each to v by rule 4. Therefore v has non-negative final charge.
Assume now that v has exactly one true neighbour, which gives it 1 2 by rule 3. If all the faces incident to v are 5 − -faces with no false vertex non-incident to v, then these three faces without v form a 7 − -cycle in G , a contradiction. If the face incident to v but not to its true neighbour is a 6-face as in Figure 2 and the other two faces are 5 − -faces with no false vertex non-incident to v, then there is an 8 − -cycle in G . Therefore there is one face incident to v that gives 1 2 to v by rule 4 or 6. Therefore v has non-negative final charge.
Lemma 6. Every face has non-negative final weight.
Proof. The result holds for 3-faces and 4-faces as in the previous section. Let f be a 5-face. If it does not give weight by rule 6, then the arguments of the previous section are enough. Assume it gives weight by rule 6. Hence f is incident, in this order, to a false vertex, a 3-vertex v, a d + -vertex, a false vertex and a true vertex. If f does not give weight twice by rule 6, then again it has non-negative final weight, so there are two 4-nooses belonging to f , one for each of its false vertices. Now those two 4-nooses together with some edges incident to f form a cycle in G . This cycle has at most 9 true vertices (three incident to f , plus three additional ones for each 4-noose), so it has length at most 9, a contradiction.
Let f be a 6 + -face of degree k. Note that f gives weight at most 1 2 per incident 3-vertex, plus 1 2 per 4-noose, plus 1 2 per configuration of rule 5. Also note that if in the configuration of rule 5, both of the false neighbours of v incident to f are knots of some 4-nooses, then there is a cycle in G with at most 15 true vertices (at most seven in the bad faces plus four per 4-noose), a contradiction. Similarly, if there are two configurations of rule 5 with the face f sharing a false vertex, and if the other two false vertices of the configurations are knots of a 4-noose, then there is a cycle in G with at most 22 true vertices, a contradiction. Therefore f gives at most 1 2 per 3-vertex, plus 5 2 per four false vertices (in the worst case where there is always a 4-noose followed by three configuration of rule 5 followed by another 4-noose). Thus f has to give at most i.e. if k ≥ 64 7 , so we can assume that k ≤ 9. If k = 9, then f has at most four incident false vertices, so has to give at most 5 2 + 5 2 = 5 = k − 4, so f still has non-negative finial weight, so we can assume that k ≤ 8. Now if all of the false vertices are either in a configuration of rule 5 or the knot of a 4-noose belonging to f , then there is a cycle in G using at most 16 true vertices (at most three per false vertex plus one per true vertex incident to f ), a contradiction. Hence at least one false vertex incident to f is not in any configuration of rule 5 nor the knot of any 4-noose belonging to f . Note that this also implies that there cannot be three or more configurations of rule 5, each sharing a false vertex with the previous one. In particular, for each chain of configurations of rule 5, each sharing a false vertex with the previous one, one of the extremal false vertices is not the knot of a 4-noose belonging to f . So there are at most one fewer configurations of rule 5 or 4-nooses belonging to f as there are false vertices incident to f . In particular, f has to give at most 1 2 to each of its incident vertices but one, say u. Thus f has non-negative final weight if k ≥ 7, so we can assume that k = 6. We can also assume that f is only incident to 3-vertices and false vertices, and that all of the false vertices but one (u) either is in a configuration of rule 5 or the knot of a 4-noose belonging to f . Note that since 3-vertices are pairwise non-adjacent and false vertices are also pairwise non-adjacent, this implies that the vertices incident to f alternate between 3-vertices and false vertices. We also know that the 4-nooses are that of Figure 1 , and since v has to have degree 3, it has so be the one on the left, i.e. a 2-noose.
But now we are in the configuration of Figure 2 , so f does not need to give to v and thus has non-negative final weight.
